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Abst rac t - -We derive an asymptotic model for the propagation of a combustion wave through a 
mixture of solid reactants in the presence of an inert diluent which melts in the reaction zone. We show 
how melting affects the steady, adiabatic, planar flame speed and the structure of the combustion 
wave. We also investigate the effect of melting on the linear stability of the steady, planar solution. 
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1. INTRODUCTION 
We consider the propagation of combustion waves in condensed media. An understanding of this 
process is important for combustion synthesis, which is a technique for producing a wide variety 
of advanced inorganic materials by using combustion waves [1]. While there are many variants of 
this process, here we consider the following most common scenario: the reactants are milled into 
fine powders, which are then mixed together and pressed into a sample; the sample is then ignited 
at one end and a high temperature action wave propagates through the sample, converting the 
reactants to products. 
In many systems capable of supporting such combustion waves, the reactants, products, and 
any inert diluents remain in the condensed phase (solid or liquid) through the course of the 
reaction. While there are some systems in which no melting has been observed, it is more common 
that some of the species melt. In addition to distorting the thermal profile of the combustion 
wave and affecting the heat release of the reaction and the adiabatic combustion temperature, 
melting may also affect the reaction rate. As detailed in [2], melting of a reactant can lead to 
a jump in the local reaction rate by increasing the surface area between the reactants. When 
the product does not melt, it may form a solid layer between the reactants, through which the 
reactants must diffuse in order to react. Melting of the product may lead to an increase in the 
local reaction rate by removing this diffusion barrier, as observed experimentally [3]. There have 
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even been several studies of the more complicated situation where both a reactant and a product 
melt [4,5]. However, there has been comparatively ittle theoretical work done on condensed 
phase combustion with melting of an inert diluent, even though this case is of interest for a 
number of applications (e.g., [6]). 
It is possible to show that when the melting temperature and the adiabatic ombustion tem- 
perature are sufficiently different, it makes little difference whether a reactant or an inert diluent 
melts. The analysis in [7] applies to either case. However, as noted in [8], melting of an inert 
can cause a change in the structure of the combustion wave; specifically, the appearance of a 
temperature plateau, in which there is a balance between the heat generated by the reaction and 
the heat consumed to melt the inert. This can happen only when the melting temperature is 
close to the combustion temperature, and only when an inert, rather than a reactant melts. 
In this paper, we analyze the problem of condensed phase combustion i  which an inert diluent 
melts at a temperature TM that is close to the combustion temperature. We derive an asymptotic 
model in the limit of large activation energy, and find a one-dimensional traveling wave solution 
of the model. We perform a linear stability analysis of this solution and compare our results to 
those obtained in a similar analysis of the case in which it is the reactant that melts [2]. 
2. MATHEMATICAL  MODEL 
We begin with a simple mathematical model based on heat and mass balance quations (tildes 
denote dimensional quantities) 
T r=~2~+ ~nexp_  ~-~ , 3 -=-AYnexp-  ~-~ , (1) 
which are to be solved subject o the boundary conditions 
(2) 
and the following conditions at the melting surface: 
C 
Here 7 is the temperature, T0 is the initial temperature, and TB -- T0 + (q~l~0 - LYD)/~ is the 
adiabatic ombustion temperature. Next, Y is the mass fraction of the limiting reactant, Y0 is 
the initial value of Y, and YD is the initial mass fraction of the inert diluent. The spatial and 
temporal variables are x, y, z, ~, and ~2 denotes the Laplacian. The other parameters that 
appear are the thermal diffusivity ~, the heat release ~', the specific heat 5, the reaction rate 
constant A, the reaction order n, the activation energy E, the gas constant /~, and the latent 
heat of melting L of the inert diluent. We assume that the combustion wave propagates in the 
-~ direction, so that 5 and ~" are the transverse coordinates. In addition, [[f]] denotes the jump 
in f across the melting front. 
We introduce the following dimensionless variables and parameters (note that ~ is the dimen- 
sional speed of the uniformly propagating wave): 
T T To Y=-=- ,  t=" -z - ,  = , 
- "TB -- :FO' Yo t, )t "v 
() A= ~-~  exp(-N)Yon-l~,, a=-=--,T° 8M= =,  N=- -__ ,  A=N(1-a) ,  
TB - To RTB )-' 
and 7= \ YoL  -1  . 
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In addition, we transform to a moving coordinate system attached to the melting front by intro- 
ducing ~ -- z - ¢(x, y, t). The nondimensional version of equations (1)-(3) in the new coordinate 
system is 
Tt -CtT¢ = V2T + (1 + 7)AY n exp ( (1 ACT- a)T- 1)+ a)  ' (4) 
[ 
Yt - CrY{ = -hYn  exp ~, (1 - a)T + cr ] ' (5) 
=-oo:  T=0,  Y=I ,  ~=+oo:  T=I ,  Y=0,  (6) 
~=0:  T=OM, q,¢t = [ [ - ( l+¢2+¢2)T~+¢xTx+¢uTu] ] .  (7) 
The Laplacian in the new coordinate system is 
V 2 =02 +a 2 + (1 +¢2 + ¢~) O~ - 2¢xOxO~ - 2¢uOuO~ - (¢~z + ¢~)  O~. 
3. STEADY, PLANAR PROPAGATION 
We begin the analysis of (4)-(7) by seeking a stationary one-dimensional solution. We assume 
that A >> 1 so that the reaction is confined to an asymptotically thin layer O(A-1). In addition, 
we take (1 - 0M) = O(A-I) ,  so that the inert melts within the reaction zone (which is confined 
to an asymptotically small neighborhood of ~ = 0). Setting 
Ct=- l ,  T t=Yt=0,  and O~=Ou=O, (8) 
(4) and (5) simplify to 
T~-T~=0 and Y¢=0 (9) 
away from ~ = 0. Solving (9) subject o (6) and enforcing continuity of T, we obtain the outer 
solution, correct o all algebraic orders in A, 
T= ~ exp(~), (~<0) ,  and Y= ~ 1, (~<0) ,  (10) ( 1, (~>0) ,  ( O, (~>0) .  
In order to complete the solution, we must find A. This is done by finding a solution in the 
reaction zone and matching to the outer solution (10). We introduce the stretched coordinate 
r} = h~ (11) 
and expand the solution via 
T ~ 1 + A- lw l  + m-2w2 ~- " ' "  , 
Y ~ Yo + A- ly l  -{- A-2y2 -{- "" • , (12) 
A ~ A ()t o q- A-l)tl q- m-2)t2 q-...). 
We substitute (8), (11), and (12) into (4), (5), and (7), expand in powers of A -I, and set the 
coefficients of each power of A -1 separately to zero, which produces a sequence of problems for 
the coefficients in (12). The matching conditions are obtained by writing the outer solution (10) 
in terms of 7} and expanding in powers of A -I. For our present purposes, the leading order inner 
problem which determines A0 suffices. We must solve 
+ (1 +  ))toy  exp(wl) = 0, 
+ )toy  exp( l) = 0, 
~} --~ --OO : Wl ~ ~7, Y0 --* 1, 77 --~ -{-0o : Wl --* 0, Y0 ---* 0, 
= O: Wl = Wlm -- a(OM -- 1) < O, [[Wl]] = ~, 
where prime denotes differentiation with respect o 7. 
(13) 
(14) 
(15) 
(16) 
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Integrating a linear combination of (13) and (14), subject o the boundary conditions (15), we 
obtain 
7/> 0 : Yo = (1 + 7)- lw~, 
< 0:y0 = (1 + 7) -1 (wl + 7). (17) 
Substituting (17) into (13) and integrating once more, we obtain for 0 < n < 2 
T/>O:  w: ={(2-n) ( l+7) l -nAo[1 -exp(w: ) ]}  :/(2-n), (18) 
r 1 < O: (2 - n) -1 (w~ + 7) 2-n - 7(1 - n) -1 (w i + 7) 1-n + AO(1 + 7) 1-nexp(wl)  
= (2 - n)-1(1 + ?)2-n _ 7( 1 _ n)-1(1 + 7)1- , .  
(19) 
It is now possible to obtain an equation for A0 using (16), (18), and (19). For general n this 
equation must be solved numerically. We have done so and determined that the properties of the 
solution do not depend strongly on the value of n, so for simplicity we concentrate on the case 
n = 0, which is analytically tractable. For n = 0, we obtain 
Ao = {1 + 72 [1 - 2 exp(wlm)l} + 27 {[1 - exp(wlm)] [1 - 72 exp(wlm)] }1/2 
2(1 + 7) 
(20) 
which is valid only for 0 < 3' < 7, = ~/exp(-Wlm) - 1. However, the entire range 0 < 7 < oo is 
physically relevant. The fact that this solution no longer exists for 3' > ?, does not mean that 
there is no combustion wave, but rather that the structure of the combustion wave changes, as 
suggested by [8]. We note that w~[n= 0- = 0 when 7 = 7,. For ? > 7,, we expect that the 
combustion wave includes a region of constant emperature, within which the heat produced by 
the reaction is spent entirely to melt the inert. Solutions with a different structure than (10) 
corresponding to 7 > 7* are currently under investigation. It should be emphasized that this 
change in the structure of the combustion wave cannot occur for the case when a reactant melts [2]. 
Now that we know A0 from (20), it is possible to investigate the effect of the melting inert 
on the propagation speed of the combustion wave. Recalling our nondimensionalization a d 
expansion (12), we have the leading order approximation 
~2 = ~AY0 n-1 exp( -N)  
AAo 
(21) 
We note that a maximum of A0 corresponds to a minimum of the dimensional propagation speed ~. 
The solution A0 considered as a function of 7 may or may not include a maximum, depending on 
the value of Wlm, which means that the propagation speed may or may not be monotonic in 7. 
Thus, there appears to be two different solution structures. One, given by (10) exists for 
0 _< 7 < 7. and one for 7 > 7.. Only the former is described in detail in this paper. 
4.  NONSTEADY NONPLANAR PROPAGATION 
We now consider nonsteady, nonplanar solutions of (4)-(7), i.e., we no longer assume that the 
solution depends only on ~ (cf. (8)). We want to derive an asymptotic model of the process 
that describes nonsteady nonplanar propagation of the combustion wave. Again the reaction is 
assumed to be confined to an asymptotically thin region near ~ = 0. Outside this region, (4)-(6) 
simplify to 
f 1, < 0), 
Tt -CtT¢  = V2T, Y = ~ (22) 
o, > o), 
=-oo:  T=0,  ~=oo:  T=I .  (23) 
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For a systematic asymptotic theory, we would expand as 
T ,~ T (°) + A-1T  (1) + A-2T  (2) + ... 
¢ ~'~ ~b 0 + A- I~bl  + A -2¢2  +. . ,  . 
T ° ) -1  fo r~>0)  
However, we encounter the well-known closure difficulty in which the (j)th-order problem depends 
on (j+l)th-order quantities. We circumvent this problem in the usual way, by truncating the above 
expansions to 
T = T (°) + A- iT  (1), ¢ = ¢o. (24) 
The inner problem is found as in the previous section, but without using (8). The leading 
order inner problem is now 
(1 + ¢2 + ¢2) w7 + (1 + ~/)AoY~ exp(wl) = 0, 
(-¢t)Y~ -t- A0Y~ exp(wl) = 0, 
(25) 
(26) 
--~--oo: Wl ~TT(° )  +T(1) , Y0--*l, 
¢=o- ¢=o- (27) 
=0:wl  =Wlm=A(OM--1), (1+¢2 x+¢2) [ [w~l l=7( -¢ t ) .  (28) 
The analysis is similar to that in the previous section. For simplicity, we restrict consideration 
to the case n = 0. We obtain the following simplified model, in which the spatially distributed 
reaction term is replaced by jump conditions: 
Tt - CtT~ = V2T, (for ~ ~ 0), (29) 
=-~:  T=0,  ~=c~:T=l ,  (30) 
-¢ t  and (31) [[T]] = 0, [[T~]] = g ' 
[[T,~]] 7"~exp(wlr) 2'~('~CKt)f~o[(Wlr)(Wlm)])ll2 (_~_~)2 = -- o -- - + 72 , (32) 
where 
K~ (1+¢2-+¢~), ~o~2(1+"Y)~---°, and wi,.=A{TI4~=o+-l}. 
The jump conditions on T~ can be combined to give an evolution equation for ¢ 
(1-I-¢2 + ¢~)1/2 ~l, vj'')':/1- exp(wlm)-I- %/1- "~2 exp(wlm) ]'j. 
(1 - ~/2) 
× - exp( lm) - - exp( lm)). 
k J 
(33) 
The stationary planar solution Ts(~) given by (10) is clearly a solution to this model. 
5. L INEAR STABIL ITY  
We now use model (29)-(33) to investigate the linear stability of the stationary planar solution. 
We assume a solution of the form 
T = Ts(~) + T(~) exp(i {wt + kxx + k~y}), 
¢ = - t  + Cexp(i {wt + kxx + k~y}), 
(34) 
(35)  
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where T and ¢ are small. Substituting (34) and (35) into (29)-(33) and linearizing, we find that 
the solvability condition for the resulting set of linear equations yields the dispersion relation 
2 (1+3s  2) +( l+2s  2 )~/5+16s  2 
Z(s) = 1 + 4s 2 (36) 
which has the same form as for the problem of condensed phase combustion without melting. 
However, we note that 
2 = ~ X/[1 - exp(wlm)] [1 - 72  exp(wlm)] - 7 exp(wlm) 
2 v/[l - exp(wlm)] [1 - 72  exp(wlm)] ' 
(37) 
and that Z = A/2 is the parameter equivalent to Z for the problem of condensed phase combus- 
tion without melting. It is clear that Z = Z for 7 -- 0, so the problems are equivalent (as they 
should be) when the latent heat of the inert vanishes. It  is also clear that ~z < Z for 7 > 0, and 
that Z/Z  is strictly decreasing, so that inert melting is always stabilizing and becomes more sta- 
bilizing as V increases. This should be compared with the results of [2], where it was determined 
that increasing the parameter analogous to 7 is also stabilizing. However, in [2], another effect, 
the jump in the reaction rate due to melting of a reactant, tends to counteract this stabilization. 
5. CONCLUSIONS 
We have investigated the problem of condensed phase combustion with an inert diluent that 
melts in the reaction zone. We found that the structure of the combustion wave may change as 
the parameter 7, related to the latent heat of the diluent, increases, in contrast o the case of 
reactant melting [2] where there is only one solution structure. Equation (21) shows how melting 
affects the propagation speed of the uniformly propagating combustion wave. We have derived 
a simplified asymptotic model of the process and investigated the linear stability of the steady 
planar combustion wave to find that inert melting is always stabilizing. 
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